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REMARKS ON THE GREEN’S FUNCTION OF THE LINEARIZED 
MONGE-AMPERE OPERATOR 

NAM Q. LE 


Abstract. In this note, we obtain sharp bounds for the Green’s function of the linearized Monge- 
Ampere operators associated to convex functions with either Hessian determinant bounded away 
from zero and infinity or Monge-Ampere measure satisfying a doubling condition. Our result is 
an affine invariant version of the classical result of Littman-Stampacchia-Weinberger for uniformly 
elliptic operators in divergence form. We also obtain the U" integrability for the gradient of the 
Green’s function in two dimensions. As an application, we obtain a removable singularity result for 
the linearized Monge-Ampere equation. 


1. Introduction and Statement of the main result 

In [7], Littman-Stampacchia-Weinberger established the fundamental sharp bounds for the Green’s 
function of linear, uniformly elliptic operator in divergence form L = —dj{a^Wi) on a smooth, 
bounded domain V C Here the coefficient matrix (a®-^) is symmetric with real, bounded 

measurable entries and uniformly elliptic, that is, there are positive constants A, A such that 

(1.1) XIn < < Ain. 

This condition is invariant under the orthogonal transformation of coordinates. Let g{x, y) be the 
Green’s function of the operator L on V, that is, for each y £V, g{-,y) is a positive solution of 

Lg{-, y) = 6y in V, and g(-,y) = 0 on dV. 

Then, it was shown in [7] that g is comparable to the Green’s function of the Laplace operator —A. 
In particular, g satishes the following sharp bounds in dimensions n > 3: 

(1.2) C~^\x — < g{x, y) < C\x — Vy G U 

where C = C{n, X, A,V,dist{y,dV)). Other important properties of g such as integrability and 
continuity of its gradient were studied by Griiter-Widman in [3]. 

This note is concerned with estimates, analogous to (ll.2p . for the Green’s function of the lin¬ 
earized Monge-Ampere equation, an affine invariant version of (jl.ip . Let 0 be a bounded, smooth, 
uniformly convex domain in J?” and p a Borel measure in 11 with < oo. Let n be a convex 
function satisfying the following Monge-Ampere equation in the sense of Aleksandrov (see m) 

(1.3) det D^u = /i in 11, tt = 0 on dO,. 

We consider two typical cases. The hrst case is when y = fdx where / is bounded from below 
and above by some positive constants A, A: 

(1.4) A < / < A in H. 

The second case is when y is doubling with respect to the center of mass. This will be made more 
precise later. We assume throughout the note that u is smooth but our estimates do not depend 
on the smoothness of u. 

Denote by U = = (det D^u){D‘^u)~^ the cofactor matrix of the Hessian matrix D^u. Then, 

the linearized operator of the Monge-Ampere equation ()1.3I) is given by 

Lnv := 

1 
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The last equation is due to the fact that U = is divergence-free. The reader is referred to 

mm and the references therein for more information on the theory of linearized Monge-Ampere 
equation and its applications to fluid mechanics and differential geometry. 

The Monge-Ampere and linearized Monge-Ampere equations are invariant under unimodular 
transformation of coordinates. Indeed, let T be a linear transformation with detT = 1. Then, the 
rescaled functions 

u{x) = u{Tx), v{x) = v(Tx), 

satisfy 

det D^u{x) = det D^u{x), U^^Vij{x) = W^Vij{Tx). 

The linearized Monge-Ampere operator Lu is in general not uniformly elliptic. Under (11.31) and 
(HH), the eigenvalues of 1/ = are not necessarily bounded away from 0 and oo. The degeneracy 
is the main difficulty in establishing our affine invariant analogue of (|1.2p . As in [2], we handle the 
degeneracy of by working with sections of solutions to the Monge-Ampere equations. These 
sections have the same role as Euclidean balls have in the classical theory. The section of u with 
center xq and height t is defined by 

Su{xo, t) = {x £ Q : u{x) < u{xo) + Vu{xo){x — Xq) + t}. 

We say that the Borel measure fj, is doubling with respect to the center of mass on the sections of 
u if there exist constants /3 > 1 and 0 < a < 1 such that for all sections Su{xo,t), 

(1.5) p{Suixo,t)) < l3n{aSuixo,t/2)). 

Here aSu{xo,t) denotes the a-dilation of Su{xo,t) with respect to its center of mass x*: 

aSu{xo, t) = {x* -I- a{x - x*) : x £ Su{xo, t)}. 

Let gv{x,y) be the Green’s function of in V where V CC H. 


1.1. The main result. In this note, we obtain the sharp upper bounds for gy in all dimensions 
when u satisfies m and dn. We also obtain the sharp lower bounds for gy when // satisfies a 
more general doubling condition (jl.Sp . Our main result states: 

Theorem 1.1. Fix xq £ V. Suppose that 0 < t < 1/4, Su{xo,2,t) CC V if n > 3 and 
Su{xo,t^^‘^) CC V ifn = 2. 

(i) Assume that lil.3\) and |1./D are satisfied. Then, for x £ Su{xo,t), we have 


gy{x,xo) > 


c{n, A, A)t 2 if n > 3 
c{n, X, A)\log t\ ifn = 2. 


Moreover, for x £ dSu{xo,t), we have 

{ n — 2 

C{V,Xl,n,X,A)t ^ ifn>3 
C{V,Q,n,X,A)\log t\ ifn = 2. 

(a) Assume that and are satisfied. Then, for x £ Su{xo,t), we have 

c{n,a,fi)t{iJ.{Su{xo,t)))~^ ifn>3 
\log 


gy{x,xo) > < 


c(n, a, (3) 


ii{Su{xo,s))ds 

it -- 


if n = 2. 


(Hi) Suppose that n = 2 and il.S\) and iil.4\ ) are satisfied. Then there exists p*(n. A, A) > 1 
such that for all 1 < p < p^. and all Su{xo,r^^‘^) CC V, we have 


' Su{xo,r) 


\Vgy{x,xo)\^dx < C(y,n,n,p,X,A,r). 
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Our estimates in Theorem 11.11 depend only on the dimension, the upper and lower bound of the 
Hessian determinant. They do not depend on the bounds on eigenvalues of the Hessian matrix 
D^u. Properties of the Green’s function gy have played an important role in establishing Sobolev 
inequality for the Monge-Ampere quasi-metric structure [mi- 


Remark 1.2. In Theorem M.l\ (in), we can choose 


p* = 1 + 


e 

2 8 


where e = e(n, A, A) comes from De Philippis-Fig alii-Savin and Schmidt’s estimates [3l flO] 

for the Monae-Ammere eauation saMsfvina a,nd O' Thus p* —>■ 2 when e —>■ oo. Hence, 

by Caffarelli’s W'^’^ estimates for the Monge-Ampere equations [T], we can take p* = 2 when f is 
continuous. 


Remark 1.3. In the case of Green’s function of uniformly elliptic operators, Theorem \l.l\ (in) with 
all p < 2 is attributed to Stampacchia. In higher dimensions, Griiter and Widman [1| proved the 
IP integrability of the gradient of the Green’s function for all p < . It would be interesting to 

prove the IP integrability for some p > 1 for the gradient of the Green’s function of the linearized 
Monge-Ampere operator in dimensions n >3. 


As a corollary, we use the sharp lower bound for the Green’s function in Theorem 11.11 to prove 
a removable singularity result for the linearized Monge-Ampere equation. 


Corollary 1.4. Assume that V CC H and A < det D^u < A inQ. Suppose that a function v solves 
W^Vij = 0 in S'„(0, i?)\{0} C V and satisfies 


u(x)| 


/ — _ — \ 

o[r 2 j 

o{\log r|) 


^ ^ on dSu{0,r) as r —)• 0. 

ifn = 2 ^ ^ 


Then v has a removable singularity at 0. 


1.2. Previous results. Various properties of the Green’s function of the linearized Monge-Ampere 
operator under different conditions on p have been studied by several authors, including Tian- 
Wang m and Maldonado [8] . Tian-Wang m proved a decay estimate for the distribution function 
of gy under an (Aoo) weight condition on p (called (CG) there) and certain conditions on the size 
of sections of u. 


Proposition 1.5. /' [Ill Lemma 3.3]j Assume that p satisfies the structure condition: 

CG. For any given e > 0, there exists <5 > 0 such that for any convex set S <Z Q. and any set E C S, 
if \E\ < 5|<S'l, then p{E) < ep{S) where \ ■ \ denotes the Lebesgue measure. Suppose that for any 
section Su{x,h) Cll of u, we have 

Ci\Suix,h)\^^^ < p{Suix,h)) <C2\Suix,h)\^+^, 
where 0 > 0, Ci, C2, u > 0 are constants. Then, for any y £ V, 

7T.(l + g) 

p{x e V : gy{x,y) > t} < Kt ("-i)(i+e)-i. 

When p satishes (jl.5l) only, and V = Su{x,t), Maldonado [8] obtained a similar result on the 
decay estimate for the distribution function of gy. His result can be stated as follows. 

Proposition 1.6. (]8l Theorem 3]^ Suppose V = Su{x,t) CC H. There exists a constant Ki 
depending only on n,a,f5 such that for all z G Su{x,t/2), we have 

In n 

T{{y ■ 9v{y,z) > T}) < Ki{p{Suix,t))) n-itn-iT "-1 VT > 0. 
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Remark 1.7. 1. If u satisfies lll.3\) and o. then in dimensions n > 3, Proposition \1.5\ 

gives a sharp upper bound for gy ■ In particular, for small t and x G dSu{xo,t), we have 

_ n —2 

gv{x,XQ) <Ct 

2. If u satisfies lll.3\) and then Proposition \1.6\ gives a sharp upper bound for gy in 

dimensions n > 3 when V is a section ofu. When V = Su(xo,t), we have 

n-l j 

gy{x,xo) < t[p.{Suixo,t)]~^[n{Suixo, s))] ^ V X G dSuixo,s) (0 < s < t). 

In particular, by Lemma \2.4\ we have 

gy{x,xo) < C{Ki,a, P)t[p.{Suixo,t)]~^ V x G dSuixo,t/2). 

For reader’s convenient, we will prove the estimates in this remark in Section O 

The proof of ()1.2p in [7] was based on potential theory employing capacity and the fundamental 
result of De Giorgi-Nash-Moser on Holder continuity of solutions of uniformly elliptic equations 
in divergence form. Our proof of Theorem ll.ll fil is based on the fundamental result of Caffarelli- 
Gutierrez [2] on Holder continuity of solutions of the linearized Monge-Ampere equation. We find 
a direct argument for Theorem ll.ll fil without using capacity; see Section [3l We also provide an 
alternate proof for the lower bound of the Green’s function in Theorem 11.11 using capacity; see 
Section 01 This potential theoretic approach works for general doubling Monge-Ampere measures, 
thus allowing us to prove Theorem ll.ll fiil: one of the key ingredients here is Maldonado’s Harnack 
inequality [9] for linearized Monge-Amnpere equations under a doubling condition. The proof of 
Theorem o (hi) makes use of De Philippis-Figalli-Savin and Schmidt’s estimates mm 

for the Monge-Ampere equation that are valid for all dimensions and the integrability of the 
Green’s function for all finite q in two dimensions. 

2. Preliminaries 

Throughout, we denote by c, C positive constants depending on A, A, n, a, /?, and their values 
may change from line to line whenever there is no possibility of confusion. We refer to such constants 
as universal constants. 

2.1. Monge-Ampere measure bounded away from 0 and oo. In this section, we assume that 

A < det D^u < A in D. 

Throughout, we use the following volume growth for compactly supported sections: 

Lemma 2.1. If Su{x,t) CC D then 

ci(n,A,A)tt < |S'„(x,t)| < Gi(n, A,A)tt. 

The Caffarelli-Gutierrez’s Harnack inequality for the linearized Monge-Ampere equation states: 

Theorem 2.2. (]2]j For each compactly supported section Su{x,t) CC D, and any nonnegative 
solution v of LuV = 0 in Suix,t), we have 

sup V < C inf V 

Su{x,Tt) Su{x,Tt) 

for universal r, C. 

Since the linearized Monge-Ampere operator LuV can be written in both divergence form and 
non-divergence form, Caffarelli-Gutierrez’s theorem is the affine invariant analogue of De Giorgi- 
Nash-Moser’s theorem and also Krylov-Safonov’s theorem on Holder continuity of solutions of 
uniformly elliptic equations in nondivergence form. Theorem 12.21 will play an important role in our 
proof of the main result. 

We also need the following Vitali type covering lemma. 
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Lemma 2.3 (Vitali covering, [3]). Let D be a compact set in Ll and assume that to each x € D 
we associate a corresponding section Su{x,h) CC O. Then we can find a finite number of these 
sections Su{xi,hi),i = 1, ■ ■ ■ , m, such that 

m 

C Su{xi,hi), with Su{xi,Shi) disjoint, 
i=l 

where 5 > is a small constant that depends only on X, A and n. 

2.2. Monge-Ampere measure satisfying a doubling condition. In this section, we assume 
that deiD^u = /r where p, satisfies (II.5j) . Then p is doubling with respect to the parameter on the 
sections of u: 

Lemma 2.4. [5l Corollary 3.3.2] If Su{x,2t) CC H then there is a constant (3' depending only on 
n, fi and a such that 

p{Su{x,2t)) < fi'p{Su{x,t)). 

Maldonado [9], extending the work of Caffarelli-Gutierrez, proved the following Harnack inequal¬ 
ity for the linearized Monge-Ampere under minimal geometric condition, namely, the doubling 
condition (11.511 . 

Theorem 2.5. (^) For each compactly supported section Su{x,t) CC Tt, and any nonnegative 
solution V of LuV = 0 in Suix,t), we have for 

sup V < C inf V 

Su(x,Tt) Su(x,Tt) 

for universal r, C depending only on re, fi and a. 

3. Bounding the Green’s function 

In this section, we prove Theorem II.H i) and (iii) and Corollary 11.41 Assume throughout this 
section that doD and (|1.4p are satisfied. 

The proof of Theorem ll.ll i) relies on three Lemmas l3.1U3.2l and l3.3l Lemma [3.11 gives the bounds 
for the Green’s function gv{x,xo) in the special case where V is itself a section of u centered at 
xq. Lemma [3H] estimates how the maximum of gv{x,xo) on a section of u centered at xq changes 
when we pass to a concentric section with double height. Lemma 13.31 gives the upper bound for gy 
near dV. 

Lemma 3.1. IfV = Su{xo,t) then 

n — 2 

gv{x,xo) > c(re, A,A)t 2 - Vx G 5„(xo,t/2) 

and 

n — 2 

gv{x,XQ) < C{n, X, A)t Vx G dSu{xQ,t/2). 

Lemma 3.2. If Su{xo,2t) CC V, then 

n — 2 

(3.1) max qv(x,xri)<Ct ~ + max qv(z,X()). 

x&dSu{xo,t) zGdSu{xo,2t) 

In the next lemma, by considering the Green’s function on a larger domain containing V, we 
assume that dist{xo, dV) > dist{V, dQ) for the purpose of obtaining an upper bound for gvixo, •)• 

Lemma 3.3. There exist constants r(y,Il,n, X, A) and C{V,Il,n, X, A) such that 

(3.2) 5„(xo, 2r) CC IL and max gv{x,XQ) < C{V,Ll,n,X, A). 

x£dSu{xo,r) 
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Proof of Theorem \l.l[ Part (i). We will prove the lower and upper bound for gy. 

Lower bound for gy. Consider the following cases. 

Case 1: n > 3 and Su{xo,2t) CC V. In this case, the difference w := gy(x,xo) — ffSy,(xo, 2 t)(x, xq) 
solves 

U^^Wij = 0 in Su{xo, 2t), with re > 0 on dSu{xo, 2f). 

Thus, by the maximum principle, w{x) > 0 for x G Su{xQ,t). It follows from Lemma l3. 1 1 that 

n — 2 

gy{x,xo) > gs^{xo, 2 t){x,xo) > c{n,X,A)t 2 “ Vx G Su{xo,t). 

Case 2: n = 2 and Suixo,t^^'^) CC V. Suppose that Suixo,2h) CC V. Then, the function 
wix) = gv{x,xo) - irif Qv{y,xo) - gs^{xo, 2 h){x,xo) 

y&dSu[xo,2h) 


satisfies 


LuW = 0 in Su{xo, 2h) with u; > 0 on dSu{xo, 2h). 

By the maximum principle, we have rc > 0 in Su{xq, 2h). Thus, by Lemma l3.11 we find that 
(3.3) gy{x,xo)- inf gy{y,xo) > gs^fxo, 2 h){x,xo) > c'^ x e Su{xo,h). 

yedSu{xo,2h) 


Choose an integer fc > 1 such that 2^ < < 2^+^. Then 

|log t| < Ck and 2^t < 

Applying (13.3p to h = t,2t, ■■ ■ , 2^~^t, we get 

^av{y,xo)> inf gy{y,xo) + c> ■ ■ ■ > 

y£dSuixo,t) y£dSu(xo,2t) 

> 


inf , gy{y,xo) + kc 

yedSu(xo,2>^t) 

kc > c|log t|. 


Upper bound for gy. Our proof of the upper bound for gy just follows from iterating the estimate 
in Lemma 13.21 and the upper bound for gy near dV in Lemma 13.31 

Part (Hi). Recall that in this part n = 2. Let v{x) = gy{x,xo) and S = Su{xo,r). Then the upper 
bound for v in Theorem o: i) implies that v G L^(S) for all g < oo with the bound 


(3.4) 


bllM(S) < C{V,n,X,A,q,r). 


By P Theorem 6.2], we have 


(3.5) 


[ U'‘^Vi{x)vj{x) \.. dx < C{n, A, < C{n, A, A) 

Js v(xy r 


where we used the upper bound on volume of section in Lemma l2.II in the last inequality. Next, 
we use the following inequality 

det 


U'^^Vi{x)vj{x) > 

in 

|Vu|^|/r = (Au|/| 


whose simple proof can be found in P Lemma 2.1]. Thus, for all integrable function / we have 


2, „iQ ,. i^i2\|V^r l/A I Al2^ det U^u] Vu] 


Art A Au 

< \{Au\f\^v^)U^^Vi{x)vj{x)- 


Integrating over S and using Cauchy-Schwartz inequality and (13.5p . one finds 


1 


lVu||/| < ^ / U^^Vi{x)vj{x) 


^/A 


1 


u(x)2 
1/2 

/Au\f\\^ 


1/2 




1/2 


(3.6) 


< (7(71, A, A) 
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By the De Philippis-Figalli-Savin and Schmidt’s estimates for the Monge-Ampere equation 

mm, there exists e = e(n, A, A) > 0 such that D^u G Thus, by Holder inequality, 


Au|/lV < 


(An) 




1 

1+e 


I „iAi±£) 2(1+0 \ i+® 

\f\ ^ V e 


(3.7) 

From (13.40 . we find that (^/^ |/| 


, 2(l+e) 2(1+£) \ 1 +s 

< C(n,A,A,r) / 1/1 — ^—' 


2 ( 1 +£) 2(l+e) 

eye 


IS 


finite if / G Lp-^ (S) where > 


2(1+£) 


or 


p < 1 + 


2 + e 


:= P*- 


□ 


Combining (j3.6p with (j3.7p and (13.4p . one finds that 

|Vn||/l < C'(F,H,n,p,A,A,r,„, "l^(s) 

p 

for all / G Lp-1 {S) where 1 < p < p^,. Theorem ll.il (hi) then follows from duality. 

Proof of Corollary \1.4\ Let v solves 

=0 mSu{0,R), 

y v = v ondSu{^,R)- 

We will prove that n = n in 5„(0, i?)\{0}. We only consider the case n > 3. The case n = 2 is 
similar. Let w = v — v m S'm( 0, i?)\{0} and My = maxg 5 ^(o,r) l^^l- Let a{x) = gSu{o,R)i^, 0)- By the 
lower bound for the Green’s function in Theorem 11.11 it is obvious that 


|u;(x)| < CMrr 2 a{x) on Su(0,r). 

Note that 

• ■ n — 2 

{w — CMrr^ 2 ~a{x))ij = 0 in ^^(O, i?)\S'u(0, r). 

Thus, by the maximum principle in S'„(0, i?)\S'u(0, r), we have 

72 — 2 

|n;(x)| < CM^r^~( t{x) in 5„(0,i?)\S'„(0,r). 

Observe that 

Mr = max In — nl < M + max Ini 
dSu{0,r) dSu(0,r) 

where M = maxg5^(o,R) If'l- Lor each fixed x / 0, we can choose r small so that x 0 ^^(O,r) and 
hence, by our hypothesis on the asymptotic behavior of n near 0, 

72 — 2 72 — 2 

|in(x)| < CMr^~a{x) + Ca{x)r^~ max |n| —)■ 0 as r —)• 0. 

dSuiO,r) 


This proves n = n in Su{0, i?)\{0}. 


□ 


Proof of Lemma \3.1[ By subtracting a linear function, we can assume that u > 0 and u{xq) = 0. 
For simplicity, let us denote it(x) = gvix,xo). Then on H = Su{xo,t), a satisfies 


LuO- = 5x0 ™ 


■> fj = 0 ondV. 

Multiplying both sides of (|3.8p by u(x) — t and integrating by parts twice, we get 

— t) = [ —U^^aij{u — t) = [ —W^auij = [ —nfa. 


t = u{xo)-t = / {Lua){u-t) = 

Jv Jv 


'V 


IV 
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The bounds on / then give the following bounds for the integral of a: 

t f t 

^ —r- 

TlA JY TIA. 

On the other hand, by the ABP estimate, for any (/? G L^{V), the solution ^ to 

= if in V, V' = 0 on dV, 

satisfies 


o 


'x)ip{x)dx\ = \'4){xq)\ < C{n)\V\^/''‘ 


'V 




det U 


L^{V) 


< C'(n,A,A)|P|^/" 


L"(y)- 


Here we used the identity det 17 = (det-D^u)” By duality, we obtain 

-1 

(T^ 1 " < C(n,A,A)|H|^/”. 


'V 


This is essentially inequality (2.3) in [8]. Hence, by Lemma l2.11 


|cj|L " C(n, A, 


Let 


K = {Su{xQ,t)\Su{xo, r2t)) U 5„(3:o, nt) 

where 0 < ri < 1/2 < r 2 < 1. Then, by [H Lemma 6. 5. 1] and Lemma l2.11 we can estimate 
|iL| < n(l - r 2 )\Su{xo,t)\ + |S’„(xo, rit)| < C'in(l - 
for 

1 


e = min{- 


2(71(71, A, A)reA \2ci J 

if ri, 1 — r 2 are universally small. Then by Lemma l2.11 




(3.9) 




On the other hand, by Holder inequality, we have 


t 


[ fT<||c7|| n IA:|V^ < (7(n,A,A)ti/2 ti/2 ^ 

- II iT7r^(i^)i I - \ , j 2nA 


It follows that 
(3.10) 


-> f 

nX Js 


a > 


Su{xo,t)\K 


2nA 


Given 0 < ri < r 2 < 1 as above, we have 


(3.11) 

Combining 


sup (T < (7(71, A, A) inf a. 

Suixo,t)\K Su{xo,t)\K 

- (13.111) . we find that 

(7“^(?i, A, A)t ~ < a{x) < (7(71, A, A)t ~ Vx G Su{xo,t)\K. 


This line of argument is very similar to the proof of Lemma 5.1 in [6]. Since r 2 > 1/2 > ri, 
we obtain the desired upper bound for a{x) = gv{x,xo) when x G dSuixo,t/2) while from the 
maximum principle, we obtain the desired lower bound for f7(x) = gvix,xo) when x G Su{xo,t/2). 

For completeness, we include the details of (|3.11l) . By [SJ Theorem 3.3.10], we can find a universal 
a G (0,1) such that for each x G Su{xo,t)\K, the section Su{x,at) satisfies 

0 Su{x,at) and Su{x,at) C Su{xo,t). 
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Using Lemma [2?^ we can find a collection of sections Su{xi,Tat) with Xi G Suixo,t)\K such that 

Suixo,t)\K C [J Su{xi,Tat) 
iei 

and Suixi, drat) are disjoint for some universal 5 G (0,1). By using the volume estimates in Lemma 
EH we find that |/| is universally bounded. Now, we apply Theorem 12. 2 1 to each Su{xi, at) to obtain 

(imi) . □ 

Proof of Lemma \ 3. Si To prove (13.11) . we consider 

w{x) = gv{x,xo) - inf Qv{y,xo) - gs^{xo, 2 t){x,xo). 

y&dSu{xo,2t) 


It satisfies 


LuW = 0 in Su{xo, 2t) with u; > 0 on dSu{xo, 2t). 


In Su{xo,2t), w attains its maximum value on the boundary dSu{xo,2t). Thus, for x G dSu{xo,t), 
we have 

gv{x,xo)- inf gviy,xo) - gs^{xo, 2 t){x,xo) < max w 
yedSu{xo,2t) z£dSu{xo,2t) 

= max gv{z,Xo)- inf gv{y,xo) 
zedSu{xo,2t) yedSuixo,2t) 

since gSu{xo, 2 t){x-:Xo) = 0 on dSu{xQ,2t). This together with Lemma [3T] gives 

max gv{x,xo) < max gSu(xo, 2 t){z,xo) + max gv{z,xo) 
xedSu{xo,t) zedSu{xo,t) zedSu(xo,2t) 

_ n —2 

< Ct 2 + max gy{z,xo). 

z£dSuixo,2t) 

Therefore, (13.ip is proved. □ 

Proof of Lemma \ 3. 31 The existence of r{V,Q,n, X, A) is easy to prove by the estimate for u 
which implies in particular that Su{xo,h) C B{xo,Ch°‘). We now prove 

max gvix, xq) < C(V, fi, n, A, A). 
dSu(xo,r) 

To do this, we first multiply cr(x) := gv(x,xo) to for various choices of <I> = ^(x,u(x), Du(x)) 
and then integrate by parts. Let u be the unit outer-normal vector field on dV. Note that, on dV, 
we have u = Integrating by parts, we get 

[ 

Jv Jv Jv JdV Jv JdV 

CJo 


(3.12) 

Here, we denote 


= <^{xo,u{xo),Du{xo)) - ^ 

Jv \Da\ 

= ^{xo,u{xo),Du{xo)) - ^pdS. 

Jv 




First, we choose = 1. Then (13.121) gives 
(3.13) 

Next, we choose $ = n. Then, since 

LuU = — W^Uij = —ndetD^u = —nf, 


[ pdS = 1. 
JdV 
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(|3.12p gives 


/ nfgv{x,xo)dx = / pudS — u{xo). 

Jv JdV 


IV Jav 

By Aleksandrov’s maximum principle [5l Theorem 1.4.2], we have 

|n(xo)|, max |tt(x)| < C(y,Q,n, X, A). 
xGdV 

Combining these with (13.131) . we get 

/ gv{x,xo)dx < C{V,Q,n, X, A). 

JSu{xo,2r) 

Using the lower bound for volume of sections in Lemma 12.11 and Caffarelli-Gutierrez’s Harnack 
inequality in Theorem 12.21 we get the second inequality in ()3.2p . □ 

If we choose $ = jxp in ()3.12p then, since = —2U'^^5ij = —2trace U, we get from (j3.12p that 


iv 


2tracet/(T= / {Lu^)<7 = \xo\'^ — 

Jv Jv 


- / \xYpdS. 


Thus, by (I3.13p . 


2 / trace Ua = / \x\^pdS — jxop < max \x\^ — jxop. 

Jv Jav 

This combined with the lower bound of a in Theorem o gives the following Corollary. 


Corollary 3.4. Assume that V CC fl and X < det D^u < A in Q,. If Su{xo,2t) CC V or 
SuixQjt^^^) CC V when n = 2 then, we have 


(3.14) 


L 


Su(xo,t) 


trace U < 


^ _2 

C{n, A, A)t~ {max,,(zQv\x\^ - \xo\^) 
C{X,A)\log t\-^ (max^-gav |xp - |xoP) 


if n> 3 
if n = 2 


We end this section with the proof of Remark 11.71 

Proof of Remark [13 1- In dimensions n > 3, we can establish the upper bound for gy by using 
Proposition 11.51 When u satisfies (jl.3p and (II.4p . this proposition says that 

n 

|{x e U : gv{x,xo) > T}\ < K{V,n,n, X, A)T-^ . 

We show that for small t and x G dSu (xq , t) 

/ \ . H ■ " — 2 ^—2 

gv[x,xo) < {—) " t 2 

Cl 

where ci is the constant in Lemma l2.ll Indeed, assume that for some t > 0, we have 

/ \ . K ' n — 2 71 — 2 

T = max gvix,xo) > {—) ^ t 2 . 
xGaSu{xo,t) Cl 


Then, by the maximum principle, 

Suixo,t) C {x ev : gv{x,xo) > T}. 

It follows from the lower bound on the volume of sections in Lemma 12.11 that 


cit2 < |S'„(xo,t)| < \{x eV ■. gv{x,xo) > T}\ < K{V,n,X,A)T "-2 

n 

n-2 „ 


I / K . n — 2 n — 2 

< K[{—)—t- — 

Cl 


= cit 2 . 


This is a contradiction. Thus, we must have the desired upper bound. 

2. The proof using Proposition 11.61 is similar to the above case and is thus omitted. 


□ 
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4. Capacity and lower bound for the Green’s function 

In this section, we bound the Green’s function using capacity in potential theory and give the 
proof for the lower bound of the Green’s function in Theorem 1 1.1 1 (ii). 

Let u be convex with compact sections and satisfies the Monge-Ampere equation (II.3p with (II.5p . 
Let IL be a fixed, open, bounded set in J?” and let AT be a closed subset of V. We define the capacity 
of K with respect to the linearized Monge-Ampere operator L„ := —U^^dij and the set V as the 
infimum of 


Jv 

among functions $ G H^iV) satisfying <I> > 1 on AT. This infimum will be denoted by capL^{K, V). 
In what follows, our arguments do not depend on the lower and upper bounds of the eigenvalues of 
the matrix Thus, when necessary, we can assume that Lu is uniformly elliptic. In particular, 

we obtain as in [7] the following theorem: 


Theorem 4.1. Suppose that Su { xo , 2 t ) CC V. Let gy he the Green’s function for Lu in V. Then 
there is a constant C{n,a,l3) such that for all x G dSu{xo,t) 


C 


-1 


-1 


capLu{Su{xo,t),V) < gvix,xo) <C capLu{Su{xo,t),V) 


-1 


Proof of the lower bound of the Green’s function in Theoreni M.lV ii). In view of Theorem 14.11 and 
the maximum principle, the lower bound for the Green’s function in Theorem ll.ll iii follows from 
the following capacity estimates: 


capLui.Su{xQ,t),V) < < 


C{n,a, /3)p{Suixo,t))t 


-1 


if n > 3 


8 


Jt 


p{Su{xo,s))ds . 


|log tp Jt s^ 


if n = 2. 


We will prove these estimates in Lemmas 14.21 and 14.31 below. 


□ 


Lemma 4.2. Assume n > 3. Suppose that Suixo , 2 t ) CC V. Then 

capLu{Su{xo,t),y) < C{n,a, /3)p.{Su{xo,t))t~^■ 

Lemma 4.3. Assume n = 2. Suppose that Su{xo,t^^'^) CC V and 0 < t < 1. Then 
t,-,\ ^ ^ p{Su{xo,s))ds 

(4.1) capLASu{xo,t),V)<^^-^j^ --2-. 

Remark 4.4. Lemma can he deduced from the proof of 0 Theorem 7.2]. We present here a 
slightly different proof whose idea leads to the sharp bound for capacity in dimensions 2 in Lemma 

m 

We now prove Lemmas 14.21 and 14.31 By subtracting a linear function, we can assume that 
u > 0, u(xo) = 0. Then u = s on dSu{xQ, s) for all s > 0. In the proofs of Lemmas 14.21 and 14.31 we 
use the following general fact: 


Lemma 4.5. We have 
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Proof of Lemma 4-5. Let (j) be any smooth function. Let i/ = (z/i, • • • , be the unit outer-normal 


to dSu{xo, s). Then, integrating by parts twice, and noting that u = on dSu{xo, s), we get 


jwl 


I 


Su{xo,s) 


= 


/ f 

J Su{xo,s) 


J Su{xo,s) 

= [ 


j 

J Su{xo,s) 


ldSu{xo,s) 

= / 

-U^^Uijcf + 

j 

J Su{xo,s) 


J dSu{xo,s) 


' dSu{xo,s) 




U^^UjVif) — 


L 


U^^(f)iUUj 


dSu{xo,s) 


L 


jjijfPiffl 


U. 


With using U^^Uij = n det D'^u, we obtain the equality claimed in the lemma. 


Proof of Lemma \4.^ Let us consider h{x) = 7 (u(x)) where 

1 if s < t 

71 — 2 

7 (s) = —-W) if t < s < 2 t 

l-(l/2)^ (2t)^ 

0 if s > 2t. 


Then 
We have 


h G HQ{Su{xo,2t)) and /i = 1 in Su{xo,t). 

n — 2 

T—ri/\ f / / \\T—r / \ ^ ^ t 

Vh{x) = 7 {u(x))Vu{x) = --- 2 Vu{x). 


2 l-(l/2)'^ 

Therefore, by the coarea formula and Lemma 14.51 we get 

n — 2 

W'-'hihj = 

'V 


n-2 1 2 

t 2 

n —2 


2 l-(l/2)'^ 

r2t / r 




< C{n)t 


n—2 


Su{xo,2t)\Su{xo,t) 


W' 


Ids, 


4 X 0 ,S) |Vn| 


ds 


/ 2t 


lx{Su{xo,s)) 


ds 


< C{n,a,P)fj,{Suixo,t))t ^ 

where in the last inequality we used Lemma 12.41 which says that 

n{Suixo,s)) < Cn{Su{xo,t)) for t < s < 2t. 
We now find from the definition of capacity that 


capL,,{Su{xo,t),V) < / U’'^hihj < C{n,a,/3)p{Suixo,t))t 

Jv 


-1 


□ 


□ 


Proof of Lemma \4-d[ Let us consider h{x) = 'y{u{x)) where 7 is the logarithmic cut off function 

7 (s) = X(-oo,t)(s) + (21og s/log t - l)x[i p/2](s). 

Then 

h G HQ{Su{xo,t^^'^)) and h = 1 in Su{xo,t). 

We have 

2 

Vh(x) = 'y'{u{x))V uix) = —^- Vuix). 

u log t 
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Therefore, by the coarea formula and Lemma 14.51 we get 

U^^hihj = — ^ 

<v 


X 


/ 


jjij 


|log tp J Su(xo,t''-/^)\Su(xo,t) 


llogtp 


r (L 


U^j 


UiUj 1 


{xo,s) '® 


ds 


|log t|“ Ji y6'“ JSu(xo,s) 

8 n{Su{xo,s))ds 


n det D^u ds 


i: 


|log t|2 s2 

In the last equality, we used n = 2. By the definition of capacity, we obtain (j4.1l) . 


□ 


Sketch of proof of Theorem \4-l\ We sketch here the proof of Theorem 14.11 following [7]. We can 
assume that Lu := —W^dij is uniformly elliptic. The set of functions G H^iV) satisfying $ > 1 
on iL is a closed convex set and H^iV) is a Hilbert space. It is then easy to see that there is a 
unique function G H^iV) satisfying > 1 on iL and 

capLSK,V) = Q^{^). 


This function 4) is called the capacitary potential of the set K with respect to the operator and 
the set V. Moreover, by a simple truncation argument, we find that this 4> satisfies <I> = 1 on iL. 

The capacitary potential of the compact set K with respect to the operator and the set V 
has the following properties: 

(i) 4> = 1 on iL, = 0 on dV, 0 < < 1 on V\K. 

(ii) = 0 on V\K. 

(hi) For all tp G FIq(I 4) with ip > 0 on K, we have 





> 0 . 


From (hi) and Schwartz’s theorem on positive distributions, there is a nonnegative measure p on 
K, called the capacitary distribution of K with respect to the operator Lu and the set V, such that 

(4.2) f = f pdp for all p G Hq{V) with p>Q on K. 

Jv Jv 

Since $ = 1 on iL, the support of p is on dK. Choosing (/? = 4> in the above equation, we find that 


(4.3) p{K)=capLAK,V). 

Moreover, we find from (14.211 that = p in V. Thus, we have the representation 

^iy)= / gv{x,y)dp{x) 

Jv 

where we recall that gv{x,y) is the Green’s function of Lu in V. 

Consider the set 

Ja = {x e V : gv(x,xo) > a}. 

Let Ua be the capacitary distribution of Ja with respect to the operator and the set V. Then 
the capacitary potential of Ja with respect to the operator Lu and the set V is equal to 1 at xq. 
Thus 
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The support of I'a is on dJa where gv{x,xo) = a. Thus, (14.31) gives 

capLMa,V) = 

a 

Let a = min3,ga5^(3,g gv{x,xo). Then, by the maximum principle Su{xo,t) C Ja- Therefore 


capL^{Suixo,t),V) < capLMa,V) = - 

a 


1 

^i'^xG95u(xo,t) 9v{Xj Xq) 


Similarly, if we let b = max^(,Qs^(xo,t) 9v{x,xo). Then 
caPLu{Su{xo,t),V) < capLMb,y) = ■ 


1 

b 


1 

^^^x£dSu{^0,t) 9v{x^ Xq) 


It follows that 


(4.4) min 9vix, xq) < {capL^{Su{xo,t),V)) max gv{x,xo). 

x£dSu(xo,t) xedSuixQjt) 

Since gv{x,xo) is a positive solution of Lugv{-,xo) in I4\{xo}, by Theorem 12.51 for each t where 
Su{xo,2t) CC 14, we have 

max qvix,xn)<B min q(x,xo). 
xedSu{x:o,t) xedSu{x:o,t) 

This combined with (14.4p gives the desired conclusion. □ 
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